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Abstract 

In our last work, we formulate a Fourier transformation on the infinite- 
dimensional space of functionals. Here we first calculate the Fourier trans- 
formation of infinite-dimensional Gaussian distribution exp ^— 7r£ a 2 {t)dt 

for £ € C with Re(£) > 0, a e L 2 (R), using our formulated Feynman path 
integral. Secondly we develop the Poisson summation formula for the space 
of functionals, and define a functional Z s , s S C, the Feynman path integral 
of that corresponds to the Riemann zeta function in the case Re(s) > 1. 



0. Introduction 

Feynman([F-H]) used the concept of his path integral for physical quantiza- 
tions. The word "physical quantizations" has two meanings : one is for quantum 
mechanics and the other is for quantum field theory. We usually use the same 
word "Feynman path integral". However the meanings included in "Feynman 
path integral" are two sides, according to the above. One is of quantum mechan- 
ics and the other is of quantum field theory. The first Feynman path integral 
corresponds to a study of functional analysis on the space of functions. For func- 
tional analysis, there exist many works from standard analysis and nonstandard 
analysis. However an approach has been hard from standard analysis or non- 
standard analysis to study the space of "functionals" associating with the second 
Feynman path integral. 

In our last paper([N-02]), we defined a delta functional 5 and an infinites- 
imal Fourier transformation F in the space of functionals as one of generaliza- 
tions for Kinoshita's infinitesimal Fourier transformation in the space of func- 
tions. Historically, in 1962, Gaishi TakeuchiQT]) introduced an infinitesimal 5- 
function for the space of functions under nonstandard analysis. In 1988, 1990, 
Kinoshita([Kl],[K2]) denned an infinitesimal Fourier transformation for the space 
of functions. Nitta and Okada([N-01],[N-02]) denned, for funtionals, an infinites- 
imal Fourier transformation, using a concept of double infinitesimal, and calcu- 
lated the infinitesimal Fourier transformation for two typical examples. The main 
idea is to use the concept of double infinitesimals and putting standard parts twice 
st(st( . )). In our theory, the infinitesimal Fourier transformation of 5, 5 2 , ... , and 
can be calculated as constant functionals, 1, infinite, ... , and infinitesimal, 

Now let H be an even infinite number in *R, and L be an infinitesimal lattice 
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L := \ez | z E *Z, — y < < y} , where e = j^, and let if' be an even 
infinite number in *(*R), and L' be an infinitesimal lattice 

V := {eV | 2' G *(*Z), < eV < f}, where e' = ^. 
Then we extend the calculation in our previous work to the case of 

gt(a) = exp (-7r£ *e J2 en eL a(en) 2 ) for (GC with Re(£) > 0. 
If there exists a E L 2 so that a = *a, then st(exp (— tt£ X^neL a ( 5n ) 2 ))) i s 
equal to exp ^— 7r£ a 2 (t)dt^. The standard part of the functional 

exp (— 7r£ *e Z~2 £neL a(en) 2 ) corresponds naturally to exp ^— n£ a 2 (t)dt j in 
the standard meaning. Our Fourier transformation of exp (— 7r£ 2~2 £ neL a ( en ) 2 ) 

is Q(6)exp (-Trr^eE^ifeM 2 ) wher e st(Q(6)) = (* (^))" (e *R). In 
the calculation, we assume that the real part £ is positive. Even if £ is i or — i, 

the coefficient is equal to ^* shown in the previous paper. Furthermore, 

let m be an integer so that m\2*HH' 2 , and 

9im(a) = exp(-iirm*eJ2 k( - L a 2 (k)) 

that associates with exp ^— imir a 2 (t)dtj in the standard meaning. Then we 
calculate our Fourier transformation for g im : (Fg im )(b) = Ci m (b)gj_(b). 



2 *HH' 



We show that C im (b) = y^ 1+i 1+ " for positive m and C im (6) 



— ' ' " — ! for negative m if for arbitrary /.• in /.. 



2 H H 

— m 

2 l^i / "^a"""^ " ""I e . 

Furthermore Using the second infinitesimal and the lattice, we extend the 
Poisson summation formula of finite group to infinitesimal Fourier transforma- 
tions for the space of functions and also for the space of functionals. For an 
example, we apply the Poisson summation formula to the above functional g%. If 
the groups are special, it appears the if 2 -th product of ^-functions, or the con- 
stant ^* (^7|)) • We also apply it to the functional (?j m . Finally we define a 
functional that associates to the Riemann zeta function. Using our Poisson sum- 
mation formula for functionals, we study a relationship between the functional 
and the Riemann zeta function. 

1. Preliminaries 

1-1. Infinitesimal Fourier transformations by Kinoshita (cf. [Ki],[N- 
01],[N-02]) 

Let A be an infinite set. Let F be an ultrafilter on A. For each A E A, let 
S\ be a set. We put an equivalence relation ~ induced from F on Y\.\&k S\- F° r 
a=(a x ), (3 — (AeA), 

a ~ p {A E A | a x = /3 X } E F. 
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The set of equivalence classes is called ultraproduct of S\ for F with respect to 
~. If S\ — S for A G A, then it is called ultraproduct of S for F and it is written 
as *S. The set S is naturally embedded in *S by the following mapping : 



where [ ] denotes the equivalence class with respect to the ultrafilter F. We 
write the mapping as *, and call it naturally elementary embedding. From now 
on, we identify the image *(S) as S. 

Let H (g *Z) be an infinite even number. The infinite number H is even, 
when for H = [(H x ), A G A], {A G A| H\ is even} G F. We denote ^ by e. We 
define an infinitesimal lattice space L, an infinitesimal lattice subspace L and a 
space of functions R(L) on L as follows : 

L := e*Z = {ez\z G *Z}, 

L := | 2 G *Z, -f < ez < f } (c L), 

R(L) := {ip | (/? is an internal function from L to *C} . 

We extend R(L) to the space of periodic functions on L with period H . We write 
the same notation R(L) for the space of periodic functions. 

Gaishi TakeuchiQT]) introduced an infinitesimal S function. Furthermore 
Moto-o Kinoshita ([Ki]) constructed an infinitesimal Fourier transformation the- 
ory on R(L). 

We explain it briefly. For tp, G R(L), the infinitesimal 5 function, the in- 
finitesimal Fourier transformation Fip (g R(L)), the inverse infinitesimal Fourier 
transformation Ftp (g R{L)) and the convolution (p * (g R(L)) are defined as 
follows : 



(Fip)(p) := ^2 xeL eexp(-2mpx)(p(x), 
(F<p)(p) := Eo;eL £ex P (^rripx)ip(x), 

{tp * i/j)(x) -.= J2 y eL ei f( x - y)^{y)- 

1-2. Formulation of infinitesimal Fourier transformation on the 
space of functionals (cf. [N-01],[N-02]) 

To treat a *-unbounded functional / in the nonstandard analysis, we need 
a second nonstandardization. Let F 2 := F be a nonprincipal ultrafilter on an 
infinite set A2 := A as above. Denote the ultraproduct of a set S with respect 
to F2 by *S as above. Let F\ be another nonprincipal ultrafilter on an infinite 
set Ai. Take the *-ultrafilter *F\ on *Ai. For an internal set S in the sense 
of * -nonstandardization, let *S be the *-ultraproduct of S with respect to *F±. 
Thus, we define a double ultraproduct *(*R), *(*Z), etc for the set R, Z, etc. It 
is shown easily that 



s(e S)^[(s x = s),\eA] (g *S) 




(x = 0), 
(x^O), 



*(*S) = S Al * A */Ff 2 , 

where F[ 2 denotes the ultrafilter on Ai x A 2 such that for any A C A x x A : 
A G Ff 2 if and only if 



■2, 
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{A g Ai | {fi e A 2 1 (A, fi)eA}e F 2 } e F 1 . 

We always work with this double nonstandardization. The natural imbedding *S 
of an internal element S which is not considered as a set in *-nonstandardization 
is often denoted simply by S. 

An infinite number in *(*R) is defined to be greater than any element in 
*R. We remark that an infinite number in *R is not infinite in *(*R), that is, 
the word "an infinite number in *(*R)" has a double meaning. An infinitesimal 
number in *(*R) is also defined to be nonzero and whose absolute value is less 
than each positive number in *R. 

Definition 1.1. Let H(e *Z), H'(e *(*Z)) be even positive numbers such 
that H' is larger than any element in *Z, and let e(e *R), e'(£ *(*R)) be 
infinitesimals satifying eH = 1, e'H' = 1. We define as follows : 

L := e*Z = {ez\ze *Z}, V :=e'*(*Z) = {e'z'\z' G *(*Z)}, 

L := {ez | z G *Z, -f<ez< f } (c L), 

V := {e'z' | z' G *(*Z), -f < e'z' < f } (c L'). 

We define a latticed space of functions X as follows, 

X := {a | a is an internal function with a double meaning, from* (L) to L'} 

We define three equivalence relations and on L, *(L) and L' : 

x — y E H *Z, x ~* (H) y x — y £ *(H) *( *Z), 
x y x-y e H'*(*Z). 

Then we identify L/ *(L)/ and L'/ as L, *(L) and L'. Since *(L) 

is identified with L, the set *(L)/ is identified with L/ Furthermore 

we represent X as the following internal set : 

{a | a is an internal function with a double meaning, from *(L)/ to L'/ 

}• 

We use the same notation as a function from to V to represent a function 
in the above internal set. We define the space A of functionals as follows : 

A :— {f\ f is an internal function with a double meaning, from X to *(*C)}. 

We define an infinitesimal delta function 5(a) (g A), an infinitesimal Fourier 
transformation of /(g A), an inverse infinitesimal Fourier transformation of / 
and a convolution of /, g(e A), by the following : 

Definition 1.2. 

(iJ') { ^ )2 (a = 0), 
(a^O), 



5(a) 



(F/) (6) := £ ae x e exp (-2ttz £ fceL a(fc)6(fc)) /(a), 
(F/)(6) := £„ e ^oexp ( 2 7ri a (fc)6(fc)) /(a), 

(f*g)(a) := J2a'ex £ of(a-a')g(a')- 
We define an inner product on A : 
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(f,g) ■= Y.b€X £ of(b)g(b), where f(b) is the complex conjugate of /(ft). 

Replacing the definitions of L', 5, e , F, F in Definition 1.1 and Definition 1.2 
by the following, we shall define another type of infinitesimal Fourier transforma- 
tion. The different point is only the definition of an inner product of the space of 
functions X. In Definition 1.2, the inner product of a, 6(e X) is EfceL a (^)K^)> 
and in the following definition, it is *£^2 kl z L CL(k)b(k). 

Definition 1.3. 



The definition implies the following proposition : 

Proposition 1.5([N-02]). If I e R+, then F5 l = (#')('-!)( *») a . 

If there exists a, f3 G L 2 (R) so that a = *o\l, b = *(3\l, that is, a(k) = 
*( *a(k)), b{k) = *( */3(Jfe)), then st(st(*e E fce L a(k)b(k))) = a{x)b{x)dx. Def- 
inition 1.3 is easier understanding than Definition 1.2 for a standard meaning. 
For the reason, we consider mainly Definition 1.3 about several examples. 

2. Examples of the infinitesimal Fourier transformation on the space 
of functions 

We calculate the infinitesimal Fourier transformations of ip im e R(L) : 

1. (pt(x) = exp(—^nx 2 ), where £ G C, Re(£) > 0, 

2. y?j m (:r) = exp(— imnx 2 ), where m G Z. 

For we obtain : 
Proposition 2.1. 



(F</^)(p) = c € (p)^(|), where c^(p) = EzeL e exp(-^7r(x + |p) 2 ). 

If p is finite, then st(cg(p)) = 

Proof. The infinitesimal Fourier transformations of y?£ is : 

( F( Pt)(p) = Y.xeL £ exp(-27ripx) exp(-£7nr 2 ) 
= ExeL £ exp(-^7r(a; + |p) 2 - 7r|p 2 ) 



L' :={ 



eV |*' G *(*Z), <eV < *#x}> 




(F/)(&) := E„ e x^oexp (-2*1 % E fe6 L 4)^)) /(«), 
(F/)(6) := Eaex^oexp (2th % E feei <*(*)&(*)) /(a). 



Then we obtain the following theorem : 



Theorem 1.4QN-02]). 

(1) S = F1 = F1, (2) F is unitary, F 4 = 1, FF = FF = 1, 
(3) f*6 = 6*f = f, (±) f*g = g*f, 
(5) F(f*g) = (Ff)(Fg), (6) F(f * g) =_(Ff)(Fg), 
(7) F(fg) = (Ff)*(Fg), (8) F(fg) = (Ff)*(Fg). 
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= (E x eL ee M-^(x+ |p) 2 )) exp(-7rip 2 ) = c^(p)^(|), 
where c^(p) = ExeL £ exp(— + fp) 2 )- If P is finite, then st(c^(p)) 

= LI ex p (-fr (* + Hp)) 2 ) * = 7?- 

Using Theorem 1.4(8), we obtain for : 

Proposition 2.2. <f^(x f ) = ^Fc^p) * ^ci(—x)(p^(x)^ (x 1 ). 

Proof. We obtain : (Fip^)(p) = c^(p)^(|), and put F to the above : 

{F(F n ))(x) = (F(cdP)MI)Mx) 

= (Fc^p) * *V f (f ))(*), that is, nix) = (Fct(p) * *V € (f ))(*). 

Now = Y peL eexp(-2nipx) exp(-£(f) 2 7r) 

= EpeL^xPl-^?^ 2 " 2*i£px)) = E peL ^M-j(P ~ + f (^) 2 ) 
= (E p6 L£exp(-|(p-^) 2 ))exp(-7T^ 2 ) = (E peL £ex P(-f(P-^) 2 )) n( x )- 
By the definition : c^{p) = E^gl £ ex P( — + 2|p) 2 ), the summation 
E P eL £ex P(-f (P-^) 2 ) isci(-x). Hence ipz(x') = (Fc^ip) * (ci(-x)cp c (x)^ (x 1 ). 
For the following proposition 2.3, we recall the Gauss sum(cf.[R]) : 
For z eN, Gauss sum J2Ho exp(-i^-P) is equal to yfz 1+ [Zi' ■ 
Proposition 2.3. If m\2H 2 and m||, then (F(f im )(p) = c im (p) exp(in ^p 2 ) , 

2H 2 I , 

where c im {p) = a/y f° r positive m and c im {p) = J ^ — ^-i ~ f° r nega- 

tive m. 

Proof. (F(p im )(p) = Y. X £L £ex P(~' im^x 2 ) exp(-2nixp) 
= E^l e exp(-imn(x + ^f) exp(m^ 2 ) 

= Cimip) exp(iir±p 2 ), where c im (p) = J2 xeL e exp(-imir(x + ^) 2 ). 

Since the element ^ is in L. We remark that exp(— inmx 2 ) = exp(—inm(x+ 
H) 2 ). For positive to, 

Cimip) = Ez e L eeX PH m7nr2 ) = Eo<n<//2^exp(-i27T2f2n 2 ) 

= f E < n< ^expH27r^n 2 ) = f ^y^ldiz^i) , by the above Gauss 

sum. Hence c im (p) = • ^ or negative m > the proof is as same as the 
above. 

3. Examples of the infinitesimal Fourier transformation for the 
space of functionals 

We define an equivalence relation ~*hh' i n L' by x ~*hh' V ^ x — y e 
*HH'*(*Z). We identify L'/ ~* HH ' with Let 

Xh,*hh' '■= W I a' is an internal function with a double meaning, from *(L)/ 

to L'/ ~ 
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and let e be a mapping from X to Xh,*hh', defined by (e(a) )([&]) = [a(fc)], where 
] in left hand side represents the equivalence class for the equivalence relation 
~*(H) in *(L), A; is a representative in *(L) satisfying k ~*(h) k, and [ ] in right 
hand side represents the equivalence class for the equivalence relation ~*hh' in 
L'. Furthermore let e tt (/)(a') be defined by f(e~ 1 (a')). 

3-1. The infinitesimal Fourier transformation of g^(a) = exp (— w*e£, EfceL 
with (6 C, Re(0 > 

We calculate the infinitesimal Fourier transformation of 

gt(a) = exp (-tt *e£ £ fceL a 2 (k)) , where (eC, Re(f) > 0, 

in the space A of functionals, for Definition 1.3. We identify *(*£) G C with 
£gC. 

Theorem 3.1. (F(e*(#)))(&) = where 6 G X and 

= £ ae x^oexp (-tt^E^(^) +<f&(*)) 2 ) • 
Proof. We do the infinitesimal Fourier transformation of e"(^)(a). 

(F(e»(^)))(6) = F (exp (-7r^E fe6i « 2 W)) (6) 

= Eaex £ o exp (— 2i7T E fceL a{k)b{k)) exp (-tt E fceL a 2 (*0) 

= Eaex^oexp (-7r*eeE fc6 L(a 2 (*) + 2i±a(k)b(k)j) 

= EaeX ^ exp (-7T ^ E* 6 l((«(*) + <f W) 2 + I&W)) 

= (Eaex^exp (-7r* e eE* 6 L(a(*) +<|6(*)) 2 )) exp (-vr%|E fee L^ 2 W) 

Let * o * : R — > *(*R) be the natural elementary embedding and let st(c) 
for c G *(*R) be the standard part of c with respect to the natural elementary 
embedding * o *. 

Theorem 3.2. If the image of b (g X) is bounded by a finite value of *R, 
that is, 3b G *R s.t. k G L =>- < *(&o), then 

st(Q(6)) = (* (^))^ (G *R) and st ( (/ \ = 1. 



Proof. We show that st 



c ( (b) 




v *((*(no«p(-^x a )dx)) 

We consider the term C^(6) = E a gx £ o ex P ( _ 71 EfeeL( a (^) + *fK^)) 2 ) • 

We write (a(*)W = e'^z^) (^(MgZ), (6(fc))^ = e^(*„) e 
Z), where A G A 1; // G A 2 . From now on, we denote z° (h^), z\ {k^ by z% , z\ for 

simplicity. Then the A/i-component of Eaex £ o ex P ( — 71 * £ £ EfceL( a (^) + *|K^)) 2 ) 
is equal to 

Ea AM ex AM (^o)A M exp (-7re^Efe M eL M (( a ( A; ))AM + ^( & (^))AM) 2 ) 
= Ea AM ex AM FL^ v^V ex P (-™^(( a (*0W + *|( W)a^) 2 ) 



= iL mG l m (E ( a(fc)) AMG L' AM y^e'^exv (-ne^((a(k)) Xll + *|(6(A;)) Am ) 2 )) 

We assume that the image of b (e X) is bounded by a finite value of *R, that is, 
3b e *R s.t. k e L ^ \b(k)\ < *(bo). The A/i-component of 

g-e^ocxpC-^^E^CaW-NlW)') ^ equal tf) 
* ((*(/! oo «p(- 1 r€xa) < fa)) ff 



-.We write ^,4,, 



as cbXfii b\^ for simplicity, and 

- L°L exp(-7r(a; + i\^e' Xli z b XlJ f) dx ■ 
It is equal to 



* exp(-7r£(:r + ib X/x ) 2 )dx + J 00 h> exp(-7r£(:r + i^) 2 )^) 

- |^lf exp(-7re(x + if &a m ) 2 )^ • • • (*i). 
Then the above is equal to 



n* 



^ e A M z A M ei A M ^'v^l-^^X^^+'f^X/v) 2 ) 



1 + 



^ •••(* 2 ). 



We show that [(B x ^(k^))] is infinitesimal in *(*C) with respect to *C. It im- 
plies that ( Bx \ k ) ) is infinite in *( *C). Since 5 Am is finite and (y^-f^) is 
infinitesimal in *( *R) with respect to *R, the first and second terms of (*i), that 



(/-of^ 2 exp(-7r^(x + i|6 AM ) 2 )^ and f -HL h a m exp(-7r£(:r + i±b Xfl ) 2 )dx 

is infinitesimal in *(*C) with respect to *C. In order to show that [(B Xtl (k^))] 
is infinitesimal in *(*C), we consider the third and forth terms in and we 
prove that it is represents an infinitesimal number. 
First we calculate 

exp(-7r£(a; + i^y/e^e'^z^) 2 ) - exp(-ir£(^E x ^ + i^y/e^e'^z^) 2 ). 
Since 

exp(-7r£(a; + i\b XlJL ) 2 ) 



exp(— ir(ax 2 — 



2 jf^)) exp{-in{f3x 2 + 2b Xfl x 

ab 2 



= exp(-n(ax 2 - 4^)) cos^x 2 + 2b Xfl x + Jf^)) 
-iexp(-7r(aa; 2 - ^fr)) sin(7r(/3:r 2 + 2b Xfl x + -J^jp)), 
the above is 



a 2 +f3 2 



)) 
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exp(-7r^(x + i\b XfJ ) 2 ) - exp(-7r£(a AjU + i\b XfJL ) 2 ) 
= {exp(-7r(«x 2 - cos(7r(/5x 2 + 2& A „x + Jf^)) 



-exp(-7r(aa^ - ^^)) cos(7r(/3a^ + 2& v a v + J^))} 
-2{exp(-7r(aa; 2 - jf^)) sin(7r(/?:r 2 + 2b x ^x + Jf^)) 
- exp(-7r(aa 2 M - J^)) sin^^a 2 ^ + 26 v a v + J^))}- 



We consider the first term of (*3). Then 



cxp(-7r(ax 2 - jf^)) cos(7r(/3a: 2 + 26 A/i a; + ^fm)) 



is equal to 

exp( 
We put 



exp(?r exp(-7ra:r 2 ) cos^^a; 2 + 2b X/I x + J^))- 



/3b 2 

/(x) = exp(-7raa; 2 ) cos^a; 2 + 2b X/I x + ^2-)). 
We assume that < b Xfl . 

/'(x) = —2irax exp(—-Kax 2 ) cos(7r(/3x 2 + 26 A/i x + a2 ^ 2 )) 
-exp(-7raa; 2 )(27r/3a; + 2vr6 v ) sin^^rr 2 + 2b x „x + Jf^)) 
= -2it^/(ax) 2 + pr + 6 AAt ) 2 exp(-7rax 2 ) cos(vr(/5a; 2 + 26 v x + ^?^r) + a x ), 
where 

cos a s = . ax - sin a x = . ^ x+b ^ 

Since < a, if < /3 and < x, then < cosa^ and sinctj, < 0. Hence 
— \ < a x < 0. There is a unique maximum of |/(x)| in 

{x G R J f (2m - 1) < vr(/3a; 2 + 2& A/i x + Jf^) < f (2m + 1)} 

for each m G Z (—1 < m), that is, x satisfies 

f(x) = 0, f (2m - 1) < tt((3x 2 + 2b XlI x + Jf^) < f (2m + 1) 

7r(/3a; 2 + 2b x »x + ^) + a, = f (2m - 1). • • • (* 4 ) 

We write the value of x having the maximum of \f(x)\ in the interval as (A 2m ) XlJi . 
On the other hand, we denote the value a x at x = (A 2m ) Xll by «A 2m - Then 



{A 2m )\^ — 



2hT 



-^ + V^ + f(2m-l)-^. 
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The maximum of f(x) is f{{A 2m ) Xfl ) = exp (-ira(A 2m ) Xfl ) cos (rmr - § - a A2m ) . 
Since lim^oo ^ 2 2 ^ M = 1, there exists m such that i/^nr" < (^m^- Hence 



2/3 

there exists m such that 



\f((A 2m )x,)\ < exp {-n(A 2m ) 2 XlI ) < exp (-Tr^l) . 
We denote the value of x at f(x) = 0, that is, 



tt((3x 2 + 2b Xlx x + Jf^) = f (2m + 1) 



by (A 2m +i)\v Then (A 2m+ i)x^ 



. We consider 



A " 

J v M 2 , exp(-7r(x 2 - 6? )) cos(27r6 A/i a;)(ia; . 
It is equal to 

J* M exp(— 7ra; 2 ) cos(27r6 A/1 x)dx 



Xfj. 



X/_l 



We show that the following term is infinitesimal in *(*R) with respect to *R 



^ Xfj, 



V £ M 2 



Now 

(^2(m+l)+l)A^ — (^2m+l)A^ 



am i p ( 



-fcA M +V^^ + f(2(m+l)-l) _ -^+V^^ + f(2m-l) 



AM i P I 



3 ^+|(2(m+l)-l)-y 



-Am , £ 



+ §(2m-l) 



i 5 ? 

_^La-4(2( m +l)-l) + 



^b 2 

_^i-i-4(2m-l) 



??Tp^ 2 ' 



(*6). 



Since 



~\f^~2~ — X — \f E ~V~ 2^ 



(*e) 



and the image of 6 (e X) is bounded by a finite value of *R, that is, 3&o G 
*R s.t. k E L ^ \b(k)\ < T*r(6o) 5 the above (* 5 ) is greater than the following value 
: — , = . The value 7r(2m + 1) satisfies (* 6 ), 7r(2m + 1) < ^/^T^^-, that 

4 V / l f, o| 2 + |(2m+l) V 7 V D7> V y _ V ^ 2 , 

is, 2m + 1 < and L > 1 



Furthermore 
Hence 



l 2 + 



> 



4 v /|feo| 2 +|(2m+l) 4 v /|b | 2 + 



{A | {/x | |(A 2(m+1)+1 ) v - (A 2m+1 ) v | > v/ele'^} e F 2 } e F x . 
We consider the A/z-component satisfying the above. Now 



H A M 

^ e A M Z A M eL A M V / ^ £ -' A m/(v / ^ £ AM 2; v) 2 ) ~~ / ^_f^„ f( X )d- 



X 



"M 2~ 
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We consider the difference 



^ ^j c' z a gL' z a >0 

Xfi X/j, A/i' A/a — 



"^A/£ 



We devide the interval (—00, 00) into a sum of intervals where the function / is 
monoton increasing or monoton decreasing. The absolute value of the difference 
is bounded to the sum of the absolute values of the difference whose integral 
clXGclS are restricted to these intervals. Each difference is bounded to the product 
of {(the maximum value of / on the interval) — (the minimum value of / on the 
interval)} and y/s^s'x^. Hence 

A jx 



Xfi Xfi A/j.' Xfi — 

< v /^'£ / a m 2 J]m=0 l/(^2m 



e-,e\,f{^e' x ^f) - jf^ f(x)dx 



<^VE: =0 exp (-7T 
Since the value 2^^ =0 exp ^— n ( 2 ^ 1 )) i s finite, the following value 



2m— 1 

4/3 



is infinitesimal in *( *R) with respect to *R. 
The same argument implies in the case x < 

Ee', 2? PLC 



is infinitesimal in *(*R) with respect to *R also. 
Hence 



X/j, 



is infinitesimal in *(*R) with respect to *R. 

If b Xfl < 0, the argument is parallel, and also, for the term of sin in (* 3 ), 
though sin is not an even function, the same argument holds. Hence [{Bx^(k^))] 
is infinitesimal in *(*C) with respect to *C. Hence 



st 



E a gX £ ex p(- 7r * £ gSfc6L( a ( fc )+' i | fe ( fc )) 2 ) 



= st (n 

= 1. 



k^GiLfj, 

st 



1 + 



J- x exp(-n£x 2 )dx 



Since exp(— n^x 2 )dx = then 

E ag x £Q "xp(^^ *^E fceL (a(fc)+»f &W) 2 ) 



st 



Furthermore 



*))*" 



1, that is, st 



cm 
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st I , c < w . I = st I st I . c <"" „.„ 11=1. 




The argument is same about the infinitesimal Fourier transformation of g'^(a) = 
exp(— 7r£ J2keL ° 2 (^))' f° r Definition 1.2, as the above. 

Theorem 3.3. (F(e"(^)))(6) = B € (6)^(|), where & 6 I and 

5^(6) = Eaex £ o exp ^— 7r£ EfceL( a (^) + ^|K^)) 2 ) • Furthermore, if the image 
of b (e X) is bounded by a finite value of *R, that is, 3b G *R s.t. k E L ^ 
\b(k)\ < *(6o), then 



st(i*(&)) = (* (^))^ (G *R) and st M = 1. 




3-2. The infinitesimal Fourier transformation of g im = exp(— mm *e EfceL a 2 (k)) 
with m G Z 

We calculate the infinitesimal Fourier transformation of 
9im{ a ) — exp(— mm *e EfceL fl2 (^))> where m G Z, 
for Definition 1.3. 

Proposition 3.4. (F(e^(g im )))(b) is written as C im (b)gj_(b). 

im 

Ifm\2*HH' 2 andm|^ for an arbitrary k in L, then (F(e*(& m )))(&) = C im (b)g±{b), 

^ im 



where C im {b) = 1+1 1+ 7 — J f° r a positive m and 

/ 2*hh' 2 \ (* g ) 2 

C im (6) = (y^r 1+M |_r" j for a negative m. 

Proof. (F(e»(<7 im )))(&) = £ ae x £ o exp(-27ri £ fceL a(k)b(k)) exp(-z7rm*£ £ fegL fl2 (^)) 

= Eaex exp(-i7rm *£ £ feGL (a(/c) + ^ b (k)) 2 ) exp(ivri *£ £ fceL 6 2 (A;)) 

= C im (b)gi_(b), where C im (6) = £ aGX £ o exp(-i7rm% £ fce Ja(/c) + ^&(£;)) 2 ). 

When we denote a(fc), b(k) by eV, eT, 

= Y,-* H M£< <k)< * H z£ exp(-i7rm*£ £ fceL (e'n' + e^) 2 )- 
Since m|^, for positive m, it is equal to 

E_^_^< a(fc)< ^_^exp(-mm*5£'V 2 ) = E_^_^< a(fc)< ^^ ex P(- 2m 2^W n/2 ) 

m r.-u-i-./' 0/^» m »^'2\ m /2*HH' 2 l+i m 

= TL < ttl< ?!ii!! exp(-2^ fT ^^n ) = T v/ — ^ , 

— m v 

by Lemma 2.3. Hence C im = I 1+1 1+ ™ — ) for a positive m. For a 
negative m, the proof is as same as the above. 

The argument is same about the infinitesimal Fourier transformation of 
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9im( a ) = ex P(-"™™£ feGL a 2 (£:)), where m G Z, 
for Definition 1.2, as the above. 

Proposition 3.5. If m\2*HH' 2 and m\^P- for an arbitrary k in L, then 



(F(e»GO)(6) = B im (b)g\(b), where £ im (&) = ±±j^- for a posi 



2jr_ 



/2 \ (*Hf 



1+i 

/ mil \ 

tive m and B im {b) = I w ^ip 1 " 1 "^!^ ) for a negative m. 

4. Poisson summation formula for infinitesimal Fourier transforma- 
tion by Kinoshita 

We extend Poisson summation formula of finite group to Kinoshita's infinites- 
imal Fourier transformation. 

4-1. Formulation 

Theorem 4.1. Let S be an internal subgroup of L. Then we obtain, for 

ip e R(L), 

l-s-H"* £ pe sx(i^)( P ) = E* 6 * 

where := {p G L | exp(27npx) = 1 for Vi G 5 1 }. 

Since L is an internal cyclic group, S is also an internal cyclic group. The 
genarater of L is e. The genarater of S is written as es (s G *Z). Since the order 
of L is H 2 , so s is a factor of H 2 . 

We prepare the following lemma for the proof of Theorem 4.1. 

Lemma 4.2. S"- 1 =< e— >. 



s 



Proof of Lemma 4.2. For p G S 1 , we write p = et. Then we obtain the 
following : 

exp(27ripes) = 1 -<=>- exp(27riefes) = 1 -<=>- exp(2ntjp) = 1 -<=>- t-^ G *Z. 

Hence the generater of S 1 is e— . 

Proof of Theorem 4.1. By Lemma 4.2, |S| = ^ and | 1 S'- L | = s. If a: ^ 5, 
then e-^xs = eH 2 x G *Z, ^exp ^27i7£^x^ = I. For x e L, 

l-exp(27rieS-x) 

Epe5^ 1 (xeS) 

'0 (X £ S) 

s (xeS) 
Hence 

EpG^GMb) = Epes-L e(£*eL ^fa) exp(27ripa;)) = e £ xeL (E^x exp(2vripa;)) 
= £ E.es = f Exes 



Thus 
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I^|^E pgS 4^)(p) = 

Proposition 4.3 Especially if s is equal to H, then (1) implies that 
The standard part of the above is 

st(E pe s4*V0(p)) =st(Ex e s^))- 

If there exists a standard function </?' : R — > C so that = then the right 

hand side is equal to E-oo<:r<oo v'{ x )i that is, E-oo< a; <oo st (v ;, )( ;r )- Furthermore 
if es is infinitesimal and ip' is integrable on R, then 

Since (1) implies that 

E pe s4^V)(p) =es52 xeS (p(x), 
we obtain st(E pe s±(^V)(jo)) = fZo^'( x "> dx ^ that is ' IZo st ^( x "> dx - 

We decompose if to prime factors H = p^p^ • • where p\ = 2, p x < p 2 < 
• • • < p m , each pi is a prime number, < U. Since 5 is a subgroup of L, the 
number s is a factor of H 2 . When we write s as p k \p\? • • -p k m ''■> the order of S is 
equal to p 2ll ~ kl p 2 } 2 ~ k2 ■ ■ ■p 2 j l m ' km and the order of S 1 - is p kl p k2 ■ ■ -p^ 1 . Hence (1) 
is 

(p k M 2 ■ • EUs4*V)(p)) = (p? 1 -"^- 1 * ■ E** 

4-2. Examples 

We apply Theorem 4.1 to the following two functions : 

1. (pi(x) = exp(— inx 2 ), 

2. (p^(x) = exp(— (,nx 2 ). 

The infinitesimal Fourier transformations of the functions are : 

1. (Fifi)(p) = exp(-iZ)<pi(p), 

2. (F^)(p) = c^(f), 

where st(c^(p)) = if p is finite. Hence we obtain : 

1. |5 J -r^exp(-if)E peS x^b) = I^^Exes^^)' 

2- n^E pe5 xC f (p)^(f) = 151-iE^^)- 
When the generator of S is es, we write this as the following, explicitly : 

1. Hexp(-i^)J2 peS± exp(inp 2 ) = sJ2 x( - s exp(-iirx 2 ), 

2 - #E pe <?xC C (p)exp(-|7rp 2 ) = sExes 63 ^-^ 2 )- 
We obtain the following proposition : 

Proposition 4.4 

(i) If s = if, then the generator of S is 1 and S = S L = L D *Z. Hence 
1. exp(-if)E pe Ln*z ex P( i7r P 2 ) = E*eLn*z exp(-i7rx 2 ), 
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2 - E P eLn*z c «b) ex P(-|V) = J2 x eLn*z e M~^x 2 ). 
We put the standard part of the above, we obtain : 

1. exp(-if) E-oc<p<oc exp(mp 2 ) = E-oo<z<oc exp(-m:r 2 ), 

2 - st(E P eLn*z c «(p) ex P(-| 7r P 2 )) =st (Exeirrz exp(-£7nr 2 )) = E-oc<r t <oc exp(-£7m 2 ) 
0(0;), where 9(z) is the ^-function. 

(ii) If es is infinitesimal, then the equation : 2. H Epes^ c ?(p) ex P( — l 71 "^) — 
s Exes ex P( — ^ 7ra;2 ) implies the following : 

2 - st(^ pg5± c ? (p)exp(-|7rp 2 )) =st(es E* 6 s exp(-£7nr 2 )) 

= f-oo ew(~^x 2 )dx = ^. 

It is known that st(c^(p) = and E-oo<x<oo ex p(— ^ttx 2 ) in 2 of (i) is equal 
to ^ E-oo<p<oo exp(— |7rp 2 ) by the standard Poisson summation formula. Hence, 
by 2 of (i), st(£ peS± c 5 (p)exp(-±7rp 2 )) = ^_ oo<p<oo st(c f (p)exp(-|V))- 

We extend the above formulation of ifii(x) to (p im (x) = exp(—innrx 2 ), for an 
integer to so that m\2H 2 . If to ||, we recall 

(F(p im )(p) = c im (p) exp(i7T-k? 2 ), 



2 



where c im (p) = V^ ^ThT ^ or a positive to and c im (p) = J ^ 7 i ^ or a 
negative to. 

Hence (^("a Epgs^ QmbV-^G ) = l^l" 5 Exes^*"^)- When the generator 
es' of S*- 1 satifies m\s', that is, the generator es of 5 satifies to]^, it reduces to 
the following : 

. 2H 2 

H \/t 1+ i+7 E pG 5i exp(i7r^p 2 ) = sJ2 xeS exp(-imnx 2 ) for a positive to, 

, 2H 2 

H \J 1+( ^.~ m E pe s-L ex PO^P 2 ) = s Exe5 exp(-?m7ra; 2 ) for a negative to. 
If s = H and m|if , then 

2H 2 

V^^E-oo< P <ooexp(^ 2 ) = E-oo<,<oo^p(-™ 2 ) 
for a positive to, 

2H 2 

2 K I_r m E^oo< P <oo exp^ip 2 ) = E-oo <:r <oc expHmTrrr 2 ) 

for a negative m, that is, 

v ^exp(-if)^_ oo<p<oo exp(i7r^ 2 ) = E-oo<x<oo exp(-im7nr 2 ) for a posi- 
tive m, 

v^exp^D^.^^^exp^TT^p 2 ) = E-oc <a; <oo ex PH m7ra;2 ) for a na- 
tive m. 

We remark that it does not coincide with the formula exp(i|)^=#(— ^) = #(2:) 
for ^-function of Im(,2) > 0. The reason is that the above nonstandard calculation 
implies an m multiple of the domain for the function exp(— irrmx 2 ). 

5. Poisson summation formula for Definition 1.2 on the space of 
functionals 
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We extend Poisson summation formula of finite group to our infinitesimal 
Fourier transformation, Definition 1.2, on the space of functionals originally de- 
fined in [N-Ol]. 

5-1. Formulation 

Theorem 5.1. Let Y be an internal subgroup of X. Then we obtain, for 

/e A 

m^£ b6 yx(F/)(fc) = \Y\-^ aeY f( a ), 

where Y 1 - := {b G X | exp(27ri < a, b >) = 1 for Va G X} and < a,b >: = 
E/cgl a>(k)b(k). 

Lemma 5.2. |y ± | = jfj. 

Proof of Lemma 5.2. For A; G L, we denote Ffe := G L' | a G F}. 

6 G Y L Va G y, exp(27ri £ fceL a(k)b(k)) = 1 

Va G y, n fce L(exp(27ria(A;)6(A;))) = 1 
^WkeL, Wa(k) G y fc , exp(27ria(A;)6(A;)) = 1 

VA; G L, &(Jfe) G Y k L 
^b:L^L',VkeL, b(k) G y fc x . 

Hence {Y- 1 ] = YlkeL \^k~\- Theorem 3.1 implies \Y k i ~\ = ^rj. Thus 



|y±| = TT (h^\ = _H_ 

\* I lLkeL{\Y k \) n fc , 



l2*H 



\x\ 



heL\Yk\ ~ \Y\- 

Proof of Theorem 5.1. 

I^I^E b6 yx(F/)(6) 

= l^rjEbgyx E„ e x £ o exp(-2vri < a,6>)/(a) 
= l^r^EaGX^olEbey^expl- 2 ^ < a,b>))f(a). 

Since EbeyJ- exp(— 27U < a, 6 >) = < ^ ± ^° ^ ^ , the above is equal to 



(a G y) 

l^l-^oly^Eaey/W = \Y^{H')-* H * E a6 y/(«) = M"* E ae y /(«)■ 

Especially if / is written as YlkeL fki that is, f(a) = Ylk&L h( a (k))i then 
(Ff)(b) is Eaex £ oexp(-27ri^ fcgL a(/c)6(fc))nfc e L/fc(a(A;)). It is calculated to 
llfceL(EaO)eL' £ ' ex P( — ^io-(k)b(k))fk(a(k)), that represents an infinite product 
of infinitesimal Fourier transformation defined by Kinoshita. In general, since / is 
not written as YlkeL hi our infinitesimal Fourier transformation is not represented 
as an product of infinitesimal Fourier transformation defined by Kinoshita. 

We summarize the argument, we obtain : Ff = YlkeL Fkfk, where Fk is an 
infinitesimal Fourier transformation for each k G L. We apply Proposition 5.3 to 
each F k . 

Corollary 5.3 

(i) If each generator of Y k is equal to 1, / is written as rifceL hi fk = *(st(/fc))|x,', 
and E-oo<n<oo st (/fc)( n ) converges, then 

st(E 6e yx(F/)(6)) = rWE-ooW^Xn)). 
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(ii) If each generator of Y k is infinitesimal, / is written as YlkeL fk, fk — *( s "t(/fe))U' 
and st(fk) is Li-integrable on R, then 

st(£ 6e yx(F/)(6)) = U keL L^t^ihmdt 
5-2. Examples 

From now on the infinitesimal Fourier transformation F(e"(/)) for a functional 
/ G A is often denoted simply Ff. We apply Theorem 5.2 to the following two 
functionals : 

1. fi(a) = exp(-iirJ2 k£L a(k) 2 ), 

2. £(a) = exp(-£7r£ fcGL a(A;) 2 ), where £ G C, Re(£) > 0. 
The infinitesimal Fourier transformations of the functionals are : 



n - 



1. (Ffm = (-i)*fi(b), 

2. (F/ € )(6) = J B € (6)/ € (|), 
hence we obtain : 

2- I^l"* E, e yx S € (6)/ € (|) = |y|"i E ae y Ma). 
We write this as the following, explicitly : 

1. \Y ± \~H-l)% J2 beY± exp(-iirJ2 keL b(k) 2 ) = \Y\-^ aeY exp(-mJ2 keL a(k) 2 ), 
2- lY^E^B^eM-^EkeLKk) 2 ) = \Y\~^ E„ e y exp(-$7r E feeL ^) 2 )- 
Corollaly 5.3 implies the following proposition 5.4. 

Proposition 5.4 

(i) If each generator of Y k is equal to 1, then 

1- (-l) f st(E be yxexp(-^n feei W 2 )) = (E-oo<n<oo^p(-W))^, 

2- st(E5 e yx5#)exp(-i7r£ fcGL ^) 2 )) = (E_oo<n<oo exp(-£™ 2 ))" 2 

(= mo) H2 ), 

(ii) If each generator of Y k is equal to a natural number m*,, then 

1. (-l)^st(£ 6ey± exp(-mn feeL K^) 2 )) = n fce L( m fc£-oc<n<oc ex P(-™fc n2 )); 
2- st(E 6G yx5 ? (6)exp(-|7r£ fceL 6(A;) 2 )) = FUglC™* £_oc<r t <oc exp(-£7rm 2 n 2 )) 

(= n M K«W))), 

(iii) If each generator of is infinitesimal, then 

2- st(E fee yxfi c (&)exp(-|7rE fcGL 6(A;) 2 )) = ex^-fr^df)* 3 



•(*))' 



We extend the above formulation of <7i(a) to gi m (a) = exp(— zto7T EfeeL a2 (^))> 
for an integer to so that m\2H' 2 . If m|^, we recall 



(F 5iro )(6) = B im (b)g±(b), where S im (6) = ( x/f i± IT^ ) for a P ositive 



m and B im {b) = I « / ^ 1+( -~T^. m ) for a negative to. 
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Hence lY^ J2 beY± B im (b)g^(b) = \Y\-*Y> a eY9im( a )- When each genera- 

e's'k of Y k L satisfies m 
reduces to the following : 



tor e's'k of Y k L satisfies m\s'k, that is, each generator e's fc of Y k satisfies m\^-, it 



, / 2g /2 \ (*g)~ 

= ILeL s k Eaey exp(-im7r EfceL a (k) 2 ) f° r a positive to, and 

= IlfcGL s k Eaey exp(-im7r E fceL a ( /c ) 2 ) for a negative to. 
If s fc = if' and m\H' , then 



m 1+i m 
2 1+i 



E 6ey xexp(2vriE fce L & (^) 2 ) 
= Eaey exp(— imn EfceL a(k) 2 ) for a positive m, and 

l±k ^) E^xexp^^E^W 2 ) 
= Eaey ex P( — ^ m7r EiteL a (^) 2 ) ^ or a negative to, that is, 

(V™exp(-if)) ( *° Ebeyxexp^Tr^EfceL^l^) 2 ) 

= Eaey exp(— imix EfceL a (k) 2 ) for a positive m, and 

(v^exp(if)) ( ^Ebey^P^EfceL^) 2 ) 
= Eaey exp(— imix Efcei a (^) 2 ) f° r a negative to. 

6. Poisson summation formula for Definition 1.3 on the space of 
functionals 

We extend Poisson summation formula of finite group to our infinitesimal 
Fourier transformation, Definition 1.3, on the space of functionals originally de- 
fined in [N-Ol]. 

6-1. Formulation 

We obtain the following theorem for Definition 1.3 as the above argument. 

Theorem 6.1. Let Y be an internal subgroup of X. Then we obtain, for 
/ G A 

I^T^E 6e yx e W)(&) = I^E ae y/H 

where Y ±£ := {b E X | exp(27n < a, b > e ) = 1 for Va G X} and < a, b > e := 
*e^ keL a(k)b(k). 

Lemma 6.2. \Y ±£ \ = 

Proof of Lemma 6.2. For k £ L, we denote := {a(k) E L' \ a E Y}. 

bEY ±£ ^VaG 7, exp(27ri EfeeL a(k)b(k)) = 1 

Va g y, ^^(exp^Tr^a^)^))) = 1 
^VkEL, Va(Jfe) G y fc , exp(27ri*ea(A;)6(A;)) = 1 
VA; G L, *eo(A;) G y^ 
6 : L ^ L',\/kE L, *eb(k) E Y k L . 
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For k G L, we write to, n as gereraters defined by : 

Y k =< e'm >, {b(k) G L' \ *eb(k) G Y k L } =< e'n > . 
Now 

ex.p(27ri*ss'ms'n) = 1 •<=>- *ee'me'n G *(*Z) 
-<=>- *ee'me'n = 1 •••(!)■ 

We write F fe ±£ := {&(*;) G L' | *£&(£;) G Y^}. Then |y fe ±£ | = ^ = 
^73^ = m. This is equal to \ H H %1 = j^-j. Hence 

m 

iv-Lei _ n - n M - i L 'i* g2 - 1*1 

' l-llfceLl^fc I - HkeL \Y k \ ~ n fce jnl - \YV 

Proof of Theorem 6.1. 

l^r^E 66 yx e (F/)(6) 

= I Y ±£ \-^ J2 beY±£ Eaex £ o exp(-2vn < a,b > e )/(a) 
= I^T^ Eaex £ o(E 6e y^ exp(-2m < a, 6 > e ))/(a). 

Since Efcey Xe exp(— 27r? < a,b > £ ) — < | ^ , the above is equal to 



a G y) 

l^ £ |-^o|y ±£ |E ae y/(«) = l^ ±£ |^(^)-^ 2 E a6 y/(a) = |*T* E ae y /(«)■ 
We obtain the following : 

Corollary 6.3 

(i) If each generator of Y k is equal to 1, / is written as YlkeL /&> /*> = *( s t(/fc))|L', 
and E_oo<n<oo st (/fc)( n ) converges, then 

#^st(£ 66y± (F/)(&)) = n fc6 r(E-oo<»<ooSt(/*)(n))- 

(ii) If each generator of Y k is infinitesimal, / is written as YlkeL /fc> fk = *( s t(/fc))U'j 
and st(fk) is Li-integrable on R, then 

H^st(J2 beY± (Ff)(b)) = u keL 
6-2. Examples 

We apply Theorem 3.3 to the following two functionals : 

1. gi(a) = exp(-i7T*eJ2 k eL a ( k ) 2 )i 

2. g^a) = exp(-£7r*e£ feeL a(A;) 2 ). 

The infinitesimal Fourier transformations of the functionals are : 



1. (F 9i )(b) = (-l)T ft (6), 

2. (F^)(6)=Q(% ? ( 



hence we obtain : 

H 



1. |y ±£ rn-l)-E 6e yx e ^(6) = \Y\"J2 aeY9i (a), 
2- I^T * E 66 yx £ = 1^1"' Eoey 

We write this as the following, explicitly : 

1- I^T^(-l) f E be yx e exp(-m^E fceL W 2 ) = I *T* E ae y exp(-27r *e EkeL 



19 



2- l^ ±£ |^E be yx e Q(&)exp(-i7r^E fceL a(A;) 2 ) = \Y\~h ^ exp(-£7r*£ E* 6 l «(*) 
Corollaly 5.3 implies the following proposition 5.8. 

Proposition 6.4 

(i) If each generator of Y k is equal to 1, then the standard parts are : 

1. H^(-l)T S t(J2 b&K± exp(-iireJ2 keL b(k) 2 )) = (E-oc<n<oc ^(-men 2 )) H \ 
2- ^^st(E 6ey xQ(6)exp(-|7reE feeL K^) 2 )) = (E_oo<n<oo exp(- £W))" 2 

(= rnor), 

(ii) If each generator of Y k is equal to a natural number to^, then 

1. ^(-l)^st(E 6ey xexp(-me^ feeL 6(A:) 2 )) = rL e L( m fc E-oo<n<oo exp(-i7rem 2 k n 2 

ff 2 _ _ 

2. H— st(E 66 y± Q(6) exp(-|7re J] fceL 6(/c) 2 )) = FUg^" 1 * E-oo<n<oo exp(-£7rem 2 n 2 

(= n M K»KO)), 

(iii) If each generator of Y k is infinitesimal, then 

2- st(E fcGy xQ(6)exp(-l7r,E, e LK^) 2 )) = (J^ exp(-^ 2 )^ 2 

•(*)) 

We extend the above formulation of gi(a) to gi m (a) = exp(—irmi *e EfceL fl2 (^))) 
for an integer m so that m\2*HH' 2 . If m|^r^ for an arbitrary k G L, we recall 



(^im)(6) = C im (b)g±(b), where C im (6) = v 7 ? 1+ 7 for a positive 



1+i 

2*HH 12 \ 

\/ Z 2 g l+ ^~ t i_i m — ) f° r a negative to. 
Hence |Y^|^ £ 6ey± C im (b)g±(b) = \Y\~2 £ 

ae y gim(a)- When each genera- 
tor eVfc of Y k ±s satisfies m\s'k, that is, each generator e's k of Yk satisfies m\ — ^ h " 
it reduces to the following : 

2 / 2*HH' 2 \ (* H ) 2 

= IlfceL s k Eaev exp(-im7r *e EfceL a (^) 2 ) for a positive to, and 

y^ ^tr 1 ) " E^exp^^E^W^ 
= IlfceL s fc Eaev exp(-iTOvr *e J] fceL a(/c) 2 ) for a negative to. 
If s k = H' and m\H', then 

2 / 2*HH' 2 \ (* H ) 2 

[ Vt 1±i TT^ ) E bG yx £ exp(^ E fee , Kk) 2 ) 
= Eaev exp(— iTO7r * e EfcgL a,(k) 2 ) for a positive to, and 

2 / . 2*HH' 2 \ (* g ) 2 

^ (\Z¥ 1+( ~ir j E fee vx e exp(^ E fceL KAO 2 ) 
= Eaev ex P( — ^ m7T * £ EfceL a (^) 2 ) f° r a negative to, that is, 
ff£ (v / ^exp(-.f)) ( ^ )2 E f)G yx £ exp(.7ri r Efc e LW 2 ) 
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= ^2 a( z Y exp(— imix *e YlktL a (k) 2 ) for a positive m, and 
= Xlaey ex P( — ^ m7r * e SfceL a (^) 2 ) f° r a negative to. 

7. The infinitesimal Fourier transformation of a functional Z s (a) 

In this section, we define a functional on X, and study a relationship between 
the functional and the Riemann zeta function. We order all prime numbers as 
p(l) = 2, p(2) = 3, ... , p(n) < p(n + 1), ... , that is, p is a mapping from N to 
the set {prime number}, p : N — > {prime number}. The nonstandard extension 
*p : *N — > *{prime number} is written as *p([^]) = and we define a 

mapping p : *N — > *(*{prime number}) as = For s G C, we 

define Z S (G A) as the following : 

now + + l is an element of *N and a(k) + ^- is an element of *(*N). Then 
Z s (a) is calculated as exp(-s £ feeL ^g(p(H(k + f) + l))a(k)) Y[ keL p{H{k + f ) + 

h' 

l)~ s — . We obtain the following theorem for the Fourier transformation of e*(Z s ) 
for Definition 1.2 : 



.H' 



Theorem 7.1. (F(e»(Z.)))(&) = (n* 6L fW* + f ) + 1))" 

_ i-r , sinh((27nb(fc)+slogp(ff(fc+f )+l))^) 

' *-*-keL £ ex p(-^(27rib(fe)+s logp(H(fc+f )+l))sinh(^(27ri6(fe)+slogp(ff(fe+f )+l)) ' 

Proof. (F(e»(Z.)))(&) = (H^jW* + f ) + l))"'^ 
' Eaex £ o exp(-s £ fceL ^gp{H(k + f ) + l)a(A;)) exp(-27ri £ feeL a(k)b(k)) 

= (UkeLP(H(k+§) + l)r^ 

■ E ae x exp(-(27Tz &(*) + s \ogp{H(k + f ) + l))a(fc)) 

= (UkeLP(H(k + ^ + l)r slj¥l 

■ UkeL £ 'E amL ^M-(^b(k) + s\ogp(H(k + §) + l))a(k)) 

= (UkeLP(H(k + §) + l)y S ^ 

_ -pr , exp((27ri b(k)+s logp(g(fc+|.) + l))^)-exp(-(27ri logp(g(fc+f )+!)) 

' LLk€L £ i_ eX p(_ £ '(27rj*eb(A:)+slogp(/i'(fc+f )+l)) 

= (n* 6 LP(^(*+f) + i))"' 41 

p-r , smh((2nib(k)+slogp(H(k+f )+l))^) 

llfceL exp(-^(27rj6(fe)+slogp(ff(fe+f-)+l))sinh(^(27rj6(ik)+slogp(if(fe+f-)+l)) ' 

We denote the Riemann zeta function by ((s), defined by £(s) = i_ p (;)-s 
for Re(s) > 1. Let Y z be a subgroup of X so that each generator of (Y z )k is equal 
to 1. Then we obtain the following theorem : 

Theorem 7.2. If Re(s) > 1, then st(st(X) a6 y z e ( (Z s ))(a))) = ((s). 

Proof. st(st(£ aG y z e»(Z s ))(a))) 

=st(st((n fc6i p(^(* + f ) + i)) ( " Wfc)+ £»)) 



= st(st(n 



i~p(g(fc+f )+i)- s - g ' 

fcei i_p(H(fc+f )+i)- s 
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( st (rLeL i-p(H(fc+f )+i)-)) ~ 

Furthermore, Corollary 5.3.(1) and Theorem 7.2 imply the following : 

Corollary 7.3. Bt(E 6e y J x(F(e«(Z.)))(6)) = st(n fceL ^^g^ )- 

Hence we obtain : st(st(£ bey ± (F(e»(Z s )))(6)))) = C(s) for Re(s) > 1. 

Acknowledgement. We would like to thank Prof. R. Kobayashi for a 
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